Abstract. In this paper, we study the finiteness problem of torsion points on an elliptic curve whose coordinates satisfy some multiplicative dependence relations. In particular, we prove that on an elliptic curve defined over a number field there are only finitely many torsion points whose coordinates are multiplicatively dependent. Moreover, we produce an effective result when the elliptic curve is defined over the rational numbers or has complex multiplication.
1. Introduction 1.1. Background and motivation. Let G m be the multiplicative algebraic group over the complex numbers C. In [7] , Bombieri, Masser and Zannier initiated the study of intersections of geometrically irreducible algebraic curves C ⊆ G n m , defined over a number field K, and a union of proper algebraic subgroups of G n m , n ≥ 2. It is well known that each such subgroup of G n m is defined by a finite set of equations of the shape X k 1 1 · · · X kn n = 1, with integer exponents not all zero. That is, the work [7] is about multiplicative dependence of points on a curve. They proved, that under the assumption that C is not contained in any translate of a proper algebraic subgroup of G n m , the points on C(Q) with multiplicatively dependent coordinates form a set of bounded (absolute logarithmic) Weil height.
Most recently, a new point of view was introduced in [17] by establishing the structure of points with multiplicatively dependent coordinates in C(K ab ), where K ab is the maximal abelian extension of K. In turn this implies that the set of such points is finite if C is of positive genus, which has been already extended to the genus zero case [18] . In particular, for an elliptic curve E defined over K having complex multiplication (CM), since the field generated over K by all the E-torsion points is contained in K ab , we deduce that there are only finitely many E-torsion points with multiplicatively dependent coordinates.
In this paper, we want to study the finiteness problem of torsion points on E whose coordinates are multiplicatively dependent (and more generally, satisfy some relations with multiplicative dependence feature) by dropping the CM condition.
It is not hard to find elliptic curves that have some torsion points whose coordinates are multiplicatively dependent. For instance, the point (1, 1) has order four on the elliptic curve of equation
, where ζ = ±1 is a root of unity, by [23, Proposition 4.3] , (ζ, ζ(ζ − 1)(ζ − ζ 2 )) is a torsion point on E, whose coordinates are certainly multiplicatively dependent.
1.2.
Main results and methods. It is in fact a consequence of the Zilber-Pink Conjectures that, for a fixed elliptic curve over the complex numbers, there are at most finitely many torsion points with multiplicatively dependent coordinates.
In this paper, we confirm this fact for elliptic curves over the algebraic numbers, and we provide an effective proof in some special cases. The following theorem is a direct consequence of a conjecture of Pink (Conjecture 5.1 in [21] ). Theorem 1.1. Let E be an elliptic curve defined over a number field K, and let n ≥ 1 be an integer. Let C be an irreducible curve in E × G n m , also defined over K, with coordinates (X, Y, Z 1 , . . . , Z n ) such that (X, Y ) is not a torsion point of E and Z 1 , . . . , Z n are multiplicatively independent. Then, there are at most finitely many points c ∈ C(C) such that (X(c), Y (c)) is a torsion point of E and Z 1 (c), . . . , Z n (c) are multiplicatively dependent.
If n = 1 the statement is a special case of the Manin-Mumford conjecture, proved for semi-abelian varieties by Hindry [13] . In case n = 2 and Z 1 = X and Z 2 = Y , we deduce that on an elliptic curve over a number field there are at most finitely many torsion points whose coordinates are multiplicatively dependent. More generally, we have: Corollary 1.2. Let E be an elliptic curve defined over a number field K. Let f 1 , . . . , f n ∈ K(X, Y ) be multiplicatively independent non-zero rational functions in two variables with coefficients in K. Then, there are only finitely many torsion points (x, y) on E such that f 1 (x, y), . . . , f n (x, y) are multiplicatively dependent.
The proof of the above theorem can be obtained by slightly modifying the argument used by the first author with Capuano in [4] to prove the following result. . . , Z n ), λ nonconstant, such that, for every i = 1, . . . , m, the points P i = (X i , Y i ) lie on the Legendre elliptic curve E λ of equation Y 2 = X(X − 1)(X − λ). Suppose moreover that no generic non-trivial relation among P 1 , . . . , P m holds and that the Z 1 , . . . , Z n are generically multiplicatively independent. Then, there are at most finitely many c ∈ C(C) such that there exist
for which
As mentioned in [4] , the proof goes through when one has a constant elliptic curve over the algebraic numbers, unless (P 1 , . . . , P m ) and (Z 1 , . . . , Z n ) are both contained in a non-torsion translate of an abelian subvariety of E m and a subtorus of G n m , respectively. Indeed, Silverman's bounded height Theorem [22] , a fundamental ingredient in the proof, requires λ not to be constant, but a result of Bombieri, Masser and Zannier [7] gives boundedness of the height in case the Z j are independent modulo constants, while Viada [24] proved the analogous result for a constant elliptic curve E defined over the algebraic numbers.
Under the hypothesis of Theorem 1.1, one obtains the required bound on the height simply by the fact that, on the elliptic curve side, we are considering torsion points, which have height bounded by an absolute constant depending only on the elliptic curve.
In Section 2 we give a proof of Theorem 1.1. We now turn our attention to the issue of effectivity. The only point of the proof of Theorem 1.1 that is not clearly effective ultimately lies in the result of Habegger and Pila. Even after the recent relevant investigations of Binyamini [5] , the effectivity of Corollary 7.2 of [12] remains unclear.
In this paper, we introduce a new method to obtain an effective version of Theorem 1.1 when the coordinates functions Z 1 , . . . , Z n are rational functions in X and Y , which can be used whenever we have an effective lower bound for the height on
Here, E tor is the set of torsion points on E, K(E tor ) is the field generated over K by all the coordinates of the points in E tor , and µ ∞ denotes the set of roots of unity in C. Theorem 1.4. Let E be an elliptic curve defined over a number field K. Let f 1 , . . . , f n ∈ K(X, Y ) be multiplicatively independent non-zero rational functions in two variables with coefficients in K. Suppose there exists an effective positive constant ǫ such that h(α) ≥ ǫ for all α ∈ K(E tor ) * \ µ ∞ . Then, there is an effectively computable constant C such that, if (x, y) is a torsion point of E such that f 1 (x, y), . . . , f n (x, y) are multiplicatively dependent, then (x, y) has order at most C.
There are two cases for which we have a positive effective lower bound for the height on K(E tor ) * \ µ ∞ .
First, it is well-known that, if E has complex multiplication, the field extension K(E tor )/K is abelian and, therefore, thanks to a result of Amoroso and Zannier [2] , we have the desired effective lower bound.
In case E is defined over the rational numbers, Frey [10] has recently effectivized and extended the work [11] of Habegger.
We then can formulate the following result.
Corollary 1.5. Let E be an elliptic curve defined over Q or an elliptic curve with complex multiplication. There is an effectively computable constant C such that, if (x, y) is a torsion point of E such that x and y are multiplicatively dependent, then (x, y) has order at most C.
2. Proof of Theorem 1.1
As mentioned in the Introduction, the proof of Theorem 1.1 can be obtained by adapting the proof of Theorem 1.3 (Theorem 1.2 in [4] ) to this setting. In particular, one follows the general strategy introduced by Pila and Zannier in [20] using the theory of o-minimal structures to give an alternative proof of the Manin-Mumford conjecture for abelian varieties. An important ingredient of the proof is the now well-known Pila-Wilkie Theorem [19] , which provides an estimate for the number of rational points on a "sufficiently transcendental" real subanalytic variety. These rational points correspond to torsion points. For more details about the general strategy and how it has been applied to other problems we refer to [25] .
On the other hand, if one wants to deal with points lying in proper algebraic subgroups like in Theorem 1.1, a more refined result is needed. For instance, first in [3] and then in [4] , ideas introduced in [8] were adapted to deal with linear relations rather than just with the torsion points.
We now turn to the proof of Theorem 1.1. We call C 0 the set of points of C we want to prove to be finite. First, we notice that the points in C 0 must be algebraic and, since their projection on E is a torsion point, they have bounded height. We then just have to exhibit a bound on their degree over the number field K. Note that, if c ∈ C 0 , then all its Galois conjugates over K must also lie in C 0 . We now cover C * with finitely many discs D 1 , . . . , D γ 1 .
Let D be one of these discs. We call D(a, b) the set of c ∈ D such that (X(c), Y (c)) has order dividing a ∈ Z \ {0} and Z j (c)
Using works of Masser [15] , David [9] and Blanksby and Montgomery [6] and exploiting the boundedness of the height we have that, if c ∈ D(a, b), we can suppose that
for some fixed γ 2 > 0, where |b| = max{|b 1 |, . . . , |b n |}; see Lemmas 5.1 and 5.2 of [4] . We consider an elliptic logarithm u of (X, Y ) and the principal determinations of the standard logarithms w 1 , . . . , w n of Z 1 , . . . , Z n seen as analytic functions on (an open neighbourhood of) D and the equations u = p + qτ, w j = r j + 2πis j , for j = 1, . . . , n, where (1, τ ) is a basis of the period lattice of E. If we consider the real coordinates p, q, r j , s j as a function
of a local uniformizer on the compact disc D seen as a subset of R 2 , the image θ(D)
is a subanalytic surface S. Note that θ is injective. Moreover, we have that p, q and the s j take values in the interval [0, 1).
The points of C 0 that yield two relations will correspond to points of S lying on linear varieties defined by equations of some special form and with integer coefficients. In particular, there are integers e, f, g such that
and, for α, β 1 , . . . , β n ∈ R and β = (β 1 , . . . , β n ), the fiber
We let π 1 be the projection from R 3 × S to R 3 , while π 2 indicates the projection to S. We also define, for T ≥ 0
where H(σ 1 , σ 2 , σ 3 ) is the maximum of the absolute values of the numerators and denominators of the σ j when they are written in lowest terms.
Note that, if c ∈ D(a, b) then there are integers e, f, g such that (e, f, g, θ(c)) ∈ W a,b . Since D is a compact disc and p, q, s 1 , . . . , s n take values in [0, 1), we can suppose that max{|e|, |f |, |g|, |a|, |b|} ≤ T 0 for some T 0 with T 0 ≪ max{|a|, |b|}. Therefore, if we let
(Q, T 0 ). We claim that, for any ǫ > 0, we have an upper bound of the form
If not, by the previous considerations the following lemma would be contradicted.
Proof. Suppose there is a positive constant By rescaling and restricting the domain we can suppose that the path δ 1 is contained in a real algebraic curve. Moreover, by (3) above, there is a c 0 ∈ D(a, b) with θ(c 0 ) = δ 2 (0).
We now consider the map
. We now see σ 1 , σ 2 , σ 3 , u, w ′ as coordinate functions on [0, 1]. We have that the transcendence degree trdeg C C(σ 1 , σ 2 , σ 3 ) ≤ 1 and recall the two relations au = σ 1 + σ 2 τ and w ′ = 2πiσ 3 . We deduce that trdeg C C(σ 1 , σ 2 , σ 3 , u, w ′ ) ≤ 1. This gives 
which, after choosing ǫ < 1/(2γ 2 ), leads to a contradiction if [K(c) : K] is too large. This in fact completes the proof of Theorem 1.1.
Proof of Theorem 1.4
We start by introducing a couple of results that we are going to use in proving Theorem 1.4. The first is a results of Masser [15] .
Let F be a real-valued non-constant function on Z n that satisfies the following conditions:
(2) F (λa) = |λ|F (a) for all a ∈ Z n and all λ ∈ Z;
The set Γ = {a ∈ Z n : F (a) = 0} is a lattice in R n .
Proposition 3.1 ( [15] , Proposition on p. 250). Let F and Γ be as above. Suppose there exists some real number B such that F (e i ) ≤ B, where the e i are the elements of the standard basis of R n . Suppose moreover that there is a positive real number ǫ such that F (a) ≥ ǫ for all a ∈ Γ. Then, Γ contains a non-zero element a with
where |a| is the maximum of the absolute values of a's coordinates.
We now recall an effective version of the Manin-Mumford conjecture for semiabelian varieties due to Hrushovski [14] . We only state a much weaker version. Theorem 3.2. Let E be an elliptic curve and C be a curve in E × G m . Suppose E and C are defined over a number field K and that C is not of the form {T } × G m or E × {ζ} for some T ∈ E tor or ζ ∈ µ ∞ . Then, there is an effectively computable constant N = N(C, K) such that C contains at most N torsion points of E × G m .
We start by applying Proposition 3.1 to our setting. Consider a point (x, y) ∈ E tor such that f 1 (x, y), . . . , f n (x, y) are multiplicatively dependent. We are excluding the finitely many (x, y) where some of the f i vanish. We are going to show that there is a "small" vector a such that i f i (x, y) a i is a root of unity.
We define
where h denotes the absolute logarithmic Weil height. By the basic properties of heights, F satisfies the conditions that allow us to apply Masser's Proposition 3.1. Moreover,
Note that, since (x, y) is a torsion point, we have that, for all i = 1, . . . , n, h(f i (x, y)) is effectively bounded from above by a constant B = B(E, f 1 , . . . , f n ). Thus, F (e i ) ≤ B for the standard basis vectors e i . On the other hand, any product i f i (x, y) b i lies in K(E tor ) and by our hypothesis we know there exist an effective constant ǫ such that h( i f i (x, y) b i ) ≥ ǫ in case i f i (x, y) b i is not a root of unity.
Proposition 3.1 tells us that, in case the f i (x, y) are multiplicatively dependent, there is a non-zero a ∈ Z n with |a| ≤ (nB/ǫ) n−1 , such that i f i (x, y) a i ∈ µ ∞ . Now, for a fixed b = 0 we let C b be the curve in G := E × G m defined by (X, Y ),
Since the f i are not identically multiplicatively dependent, all of these curves satisfy the hypotheses of Theorem 3.2. Therefore, there is an effective bound N(C b , K) on the cardinality of C b ∩ G tor . Let us go back to our point (x, y) ∈ E tor such that f 1 (x, y), . . . , f n (x, y) are multiplicatively dependent. This will correspond to a point ((x, y), ζ) ∈ C a ∩G tor for some a ∈ Z n \ {0}, where, by the above considerations, we can suppose |a| ≤ (nB/ǫ) n−1 .
Therefore, the finite sum (3.1)
a∈Z n \{0} |a|≤(nB/ǫ) n−1 N(C a , K)
is an effective bound on the number of (x, y) ∈ E tor such that f 1 (x, y), . . . , f n (x, y) are multiplicatively dependent. Now, given a point (x, y) ∈ E tor , any Galois conjugate (x σ , y σ ) of (x, y) over K is again a torsion point such that the f i (x σ , y σ ) are multiplicatively dependent.
Therefore, (3.1) gives an effective upper bound on the degree of such points over K and therefore an upper bound on their order as torsion points. This completes the proof.
